ON THE BOUNDEDNESS IN H^/^ OF THE MAXIMAL SQUARE 
FUNCTION ASSOCIATED WITH THE SCHRODINGER 

EQUATION 

GIACOMO GIGANTE AND FERNANDO SORIA 



Abstract. A long standing conjecture for the linear Schrodinger equation 
states that 1/4 of derivative in L^, in the sense of Sobolev spaces, suffices in 
any dimension for the solution to that equation to converge almost everywhere 
to the initial datum as the time goes to 0. This is only known to be true in 
dimension 1 by work of Carleson. In this paper we show that the conjecture is 
true on spherical averages. To be more precise, we prove the boundedness 
of the associated maximal square function on the Sobolev class H^''*(R") in 
any dimension n. 



1. Introduction 
For a e M, we denote by iJ"(R") the Sobolev space 

F"(M") = |/ e 5'(K") : ll/IU. = (^J \f{0\' (1 + de) ^ < ooj . 

We will also consider the homogeneous Sobolev space 7J"(R") defined by 

i7"(K") = |/e5'(K«):||/||^„- (^ll/COfieP^dc) ^ <(X3|. 

Let / be in the Schwartz class 5(R"), and define 

SJ{x) = u{x, t)= f 7(^)e-2-l«l^*e2-«- d^ 

Then u is the solution to the linear Schrodinger equation with initial datum /, that 
is, 

§-Xx,t) = ^AMx,t) iuR^+i 
u{x,0) = f{x) iuR". 

There is a fundamental question in this setting and is that of determining the 
minimal smoothness on the initial value function /, needed for the almost every- 
where convergence 

(LI) hm u{x, t) = fix), a.e. 

t->o+ 
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This smoothness is measured in terms of the Sobolev space H°' which the function / 
belongs to. In 1979, Carleson proved in |3] that the a.e. convergence Hl.l|l holds for 
any / G ij^^^ in dimension n = 1. Dahlberg and Kenig ^ extended this result to 
functions in H''I^{W) for any n and showed that there are counterexamples if the 
regularity is less than 1/4. It is conjectured that a = 1/4 suffices for this problem in 
any dimension n. Sjolin and Vega proved independently in |12j . |lfij that a greater 
than 1/2 implies the convergence Hl.l|l in any dimension n (previous results, for 
a > 1, were obtained in [3], [S]), while Prestini JT] proved the conjecture for radial 
functions. The case n = 2 has been intensively studied during the last years and 
is the only one (apart from n = 1) where there are positive results for Hl.l|l with 
smoothness a < 1/2 (see ^01, QEj; and the references there). 

As usual, problems related to the a.e. convergence are intimately connected to the 
boundedness of the associated maximal function. In our case, this maximal function 
is given by S*f{x) = sup^^o \Stf{x)\, x e K". For example, the a.e. convergence 
(II. 1() for all functions / G H" follows from the a priori maximal estimate 

(1.2) (^J^ ^JS*f{x)\Pdx^ <C\\f\\H^, /e5(]R"). 

In fact, all the known cases about convergence mentioned above are obtained via 
this maximal inequality for different values of p € [1, 2]. 

In this paper, we investigate whether inequality H1.2|l holds if we replace S* by 
a spherical average operator; namely we look at the maximal square function 

1/2 
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t>o Kais-'-^) 



Q*f{x) - sup ( --— / \Stf{\x\iu)f da{u; 



Clearly, one has the inequality |Q*/(a^)P dx < J^^^^^ \S*f{x)\'^ dx, and there- 

fore the boundedness of S* would imply a corresponding inequality for Q*. The 
known counterexamples show that the smoothness condition a > 1/4 is still neces- 
sary for the boundedness of this operator. The main result of this paper says that 
a = 1/4 is also sufficient for the boundedness of Q*. 

Theorem 1.1. The operator Q* is bounded from H^/'^{R") into L^{{\x\ < 1}) 
in any dimension n; in fact, there is a positive constant C , independent of the 
dimension, such that 

(1.3) {[ \Q*f(:x)\'d^ <q|/||ffi/4, V/e5(M"). 



\x\<l 



In particular, (|1.3(l gives us that 1/4 of smoothness suffices for the a.e. conver- 
gence with respect to quadratic spherical means. The precise statement is contained 
in the following corollary. 

Corollary 1.2. If f e H'^/'^{W-), then, for every xq G R" we have 

lim / |5t/(xo + rcj) — /(xo + rijj)p dcr((jj) = 0, a.e. r. 



Proof. The proof is standard. By translation invariance, we may assume without 
loss of generality that xq = 0. It is easy to see that, ii g & 5(M"), then Stg ^ 5 as 
t ^ 0+, uniformly in M". Given / e H^/^{R") we take a sequence {gkj^^i C 5(M") 
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such that gk f in i7^/'*(M"). Denote by ^ the Borel measure d/L((r) = r" ^ dr. 
Let A > 0, = {a; e K" : < 1} and define 



Ax^ {0 <r <l: hmsup / \Stf{ruj) - f{ruj)\ dcr(t^) > A ^ . 
Then, for any positive integer k 

m(^a) < Ml (o<r < 1: limsup / \St{f - gk){ruj)\^ M^) > ^ 

+ M(|o<r<l: j5fcM-/(rL^)|' da(L^) > ^ 
Now, Chebyshev's inequahty and Theorem 1 1 . 1 1 imply that 



tJ^{Ax) < ^ [ sup / \S.. 

^ JS" t>0 JS"-i 



t(/ ~ 5fc)(|a;|t^)|^ dcr(cj)dx 

C C 

+ yll/-5fe|l2 < yll/-5/c||^i/4> V /c, 

and, therefore, ii{A\) = 0. □ 
Before we proceed with the proof of Theorem ll.il let us first make a reformulation 
of our problem and some additional comments. Observe that if is an orthonor- 
mal basis of spherical harmonics in L^(S'"~^), and /(^) ^ J2k /*:(ICI)3^fc(C/ICI) de- 
notes the corresponding expansion of / with respect to this basis, then 

QV(.)=sup(^E^K4/^(^)^^"^^^^^^ ' ' 

where 

Ql9{r)= / e-2-*-V,(27rrs)5(s)ds 



and i^(fc) = (n — 2)/2 + degree(yfc). Here, Ji, denotes the Bessel function of order f 
and Ji,{t) — ^/tJv{t) for i > 0. Using that the norm in H^/^ of / with respect to the 
above expansion is given by ||/|| ^1/4 = X]fc /o°° \fk{f)\'^'r^^'^'r"'~^ dr, and "cancelling 
out the ^ signs", the inequality 

\Q*f{x)\^dx<C\\J\\\,,, 

\x\<l 

is equivalent to the estimate 

(\^xM9{r)?dr<C f |.g(r)| V/^ dr, 
Jo t>o J 

uniformly in the index j/ too. 

We can now follow Carleson's approach (see 0], First we linearize our 

maximal operator, by making t into a function of r, t(r). Next we may assume that 
g is supported on a fixed interval / (as long as the final constant C is independent 
of/). "Moving" the smoothness to the other side (that is, redefining g{r)r^^^ as g 
again), we consider instead the linear operator 

T.g{r)- I ^^^^^^%^g{s)As. 
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Then what we have to show is 



(1.4) 



[' \TMr)\' dr < C [ \g{s)\' ds, 




with C independent of g € L'^il), of the interval /, of the measurable function t{r) 
and ofv e N/2. 

We want to point out that Theorem II . II gives as a consequence the boundedness 
of the maximal Schrodinger operator S* on radial functions in K", with constant 
independent of n. A close look at the above arguments will convince us that both, 
Theorem 11.11 and this dimension-free estimate are, in fact, equivalent. 

Let us bring here a related result obtained by the authors. In [S] it was proved 
that the uniform estimate 



independent of e N/2, the interval / and a € M, holds (for /3 < 1) if and only 
if /3 > 1/6. This expression appears in a natural way as the leading term (using 
the product formula for Bessel functions) of the expansion of the kernel associated 
to T^T* but replacing the "smoothness" 1/4 by the generic smoothness a with 
2a — 1/2 — p. This could be interpreted as an indication that the uniform estimate 
of the operators Qi, by this method would only be possible on the class H^^^ 
(a = 1/3 corresponds to the case P = 1/6). Our theorem here shows that an 
additional cancellation of the rest of terms in the expansion of the kernel is possible 
so that, as Theorem ll.ll savs. the result holds indeed on iJ^/"*. 

Continuing with the reduction of our problem, let us point out that by using a 
TT* argument and the well known expansion 



it is not difficult to obtain H1.4|l but with a constant which would depend on v (see 
also mi). Thus wc only need to check that the constant C is uniformly bounded 
as V tends to infinity. 

The following lemma, due to J. A. Barcclo (^, [2]), describes the oscillation and 
the asymptotics of the Bessel function for large values, with the precise dependence 
of the remainder term with respect to the order of the function. 

Lemma 1.3. There is a universal constant C > such that for all v > 1/2 and 

for all r > V + v^l'^ we have 





as r 



oo, 




where 



e{r) = (r^ 




P TV 

V arccos 

r 4 



and 
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In order to simplify the notation, let us define for r > v + v^^^ the functions 

^ cos 6l(r) 



V ^(r2- 1.2)1/4' 

J?(r) = ^J^{r), 
K(r) = ^/rh^{r). 
Thus, we can write T^, as the sum of the following operators 



T^g{r) = y^e"W^ X(rs)x[.,.+../3](rs)s"i/45(s)ds, 

T^g{r) = ^e'*W^'/i,(rs)x[,+,V3,2,]Ms-i/45(s)ds, 

r4g(r) = ^e'*W^'j?(rs)x[.+.2/3,2,](rs)s-i/45Wds, 

T^gir) = y^e'*M^'/i,(rs)x[2.,oo)(rs)s-i/4g(s)ds, 

r,6g(r) = /e'*W^'j^(rs)x[2., 00)^5-1/^5(5) ds. 



The desired boundedness will now follow from the boundedness of the above oper- 
ators. This will be proved in sections 2 through 6, but first we would like to recall 
Van der Corput's lemma. 

Lemma 1.4 (Van der Corput). Let (j) be a smooth real valued function defined on 
an interval [a, b] and -0 a smooth positive decreasing function defined on the same 
interval. Suppose that (j)' is monotonic in [a, b] and that \(j)'{s)\ > A for all s G [a, b]. 
Then there is a universal constant C > such that 



b 



A 



A proof of this can be found in ^3] . 

2. Boundedness of 

We need the following version of Schur's lemma. 

Lemma 2.1. Given two a-finite measure spaces (X, /i), {Y, v) and a fi <S> im- 
measurable function k on X x Y , suppose that there exists a positive constant C 
such that 



sup / / \k{x, y)k{u, y)\d^i(x)dv{y) < G. 
uex JY J X 

Then, if f ^ L'^i^j m)j ihe integral 

Kfiy)= I k{x,y)f{x)M^) 



Jx 

converges absolutely for a.e. y ^ Y , the function K f thus defined is in L'^{Y, v) and 

\\Kf\\l<G\\f\\l 
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The next proposition discusses the boundedness of the operator Tj. 

Proposition 2.2. There is a positive constant C such that for all v > \, for all 

intervals I , for all measurable functions t{r) and for all g G L^(I), 

WT^gh^a,!) < C\\g\\L2(i). 
proof. The kernel of the operator is 

k{s, r)=e"M^'X(sr)x[o..]M^''^'' 
so that |fc(s, r)\ = \ Ji,{sr)\x[o, i^]{sr)s^^^'^ . By Lemma ITTl 

WT^Wl < sup / X{uy)x[o.,^]{uy)u^^^^ / J^{sy)xio,^]isy)s^^^'^ dsdy 



uei Jo 



= sup/ JAuy)X[a,u]{uy)u-^'S''"^ I Mt)t-^/Utdy. 

Since, by the well-known estimates for in the interval [0, iy/2] (see ^^.'^ 
Stirling's formula, 

■dt < / — -dt- 



t-y - Jo 2T{iy + l) 22'^-''+ir(i/+ l)(z/+ 1 -7) 

' (1)'. 



< 



1/1/2+7 

we have, using the estimate \Ju{s) \ ds < C (see 0, Lemma 2.4), 

'^li^dt^ r'\^'^j,{t)dt+ r t^/^j,{t)dt<cv^'\ 

i ' Jo Jv/2 

Therefore, 



tie/ u I Jo y ' 

= Csup^ / J,(s)s-i/4ds. 



Assume first that u > v jl. Then 



If instead < u < then 



S ' 



< < c. 



^ ^^(^).d,s.^r:^d. 



ui/22''r(jy + 1) 7o - 2^:/''+i/2 

fl/4j,-3/4 
41/ 1^+1/2 



Thus ||T,i||2<C. □ 
It is worth noting that in the study of we have not used the oscillation given 
by e"('')"'. 
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3. BOUNDEDNESS OF 

Here we will use the following estimates on the Bessel functions: there exists 
a positive constant C such that if s G [ly, + z^^/'^] then | J,y(s)| < Cv^^^, and if 
1v\ then 

These estimates are classical, but can be easily obtained from Lemma [1.31 too. We 
can now state the boundedness result for Tj. 

Proposition 3.1. There exists a positive constant C such that for all u > 1, for 
all intervals I, for all functions t{r) and for all g € L^{I), we have 

WT^ghmo.i]) < c||5||l2(j). 

Proof. The absolute value of the kernel of is 

\k{s, r)\ = |X(sr)|x[^,^+^2/3](sr)s"i/''. 

By Schur's lemma, 

l|T'^ll2<sup / \Ju{uy)\xi^,^+^2/3]{uy)u^^^^ / \Xisy)\x[^, ^+^2/a]{sy)s~'^/'^ ds dy. 
uei Jo J I 

The innermost integral is bounded above by 



\J,{fy\t-^l^dt<^^l \J,{t)\dt 



y3/4 I -^Wl - y3/4^1/i 



c 

< 



vW" 1/4 



< 



y3/4^l/4 

^ + j,3/4l < 

y3/4j,l/4 J - ^ y3/4 



Thus 



\TX < Cv^'^snv f \Uny)\X[...+.v^]{uy)u-^''y~'"'dy 
uei Jo 

= Ci^'/^snpu'^/^ [ |X(i)|t-3/4dt 
uei J[o,«]n[i/, 1^+1^2/3] 



< Cv-^'^ \Ju{t)\<:lt 

< CZ/-3/4+3/4 ^ 

□ 

Once more, in this proof we have not used the oscillation given by the exponential 
nor the one given by the Bessel function. 

4. BOUNDEDNESS OF Tj^ . 

Proposition 4.1. There exists a positive constant C such that for all v > \, for 

all intervals I, for all functions t{r) and for all g G L'^{I), we have 

\\Tlg\\m[o,i]) ^ C!\\g\\L2(^iy 
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Proof. A trivial application of Cauchy-Schwartz's inequality yields 

1 2 

< J^ \h4v)f:^Xit.+i.vs^2t.]{v)<iv<ir\\g\\l 



< C\\g\\l r \K{v)\\''^Av 

= Cu^^^\\g\\l / \K{uu)\^u^/^ du. 



The estimate 



|/i.MI'<c( / ,,,, / ,,,,, + ^ 



I.3(y2_ 1)7/2 1/5/2(^2 _ l)7/4y ^2y^2 ^ 

that holds for u + 2], concludes the proof. □ 

5. BOUNDEDNESS OF T^. 

We shall need the following technical lemma. Its proof is a simple application of 

the fundamental theorem of calculus. 

Lemma 5.1. Let I be an interval and g G C''(/) be such that g'{u) < 0, g"{u) > 
and g"'{u) < for all u G I. Then for any u, uq g /, 

(1) ifu< uo, then g{u) - g{uo) > -g'{uo){uo - u), and 

(2) ifu> Uo, then g{uo) - g{u) > -g'{uo){u - uq) - lg"{uo){u - uof. 

Proposition 5.2. There exists a positive constant C such that for all v > 1, for 

all intervals I, for all functions t{r) and for all g G L^{T), we have 

l|r,ig||L2([o,i]) < C\\g\\L^i)- 

Proof. First write T^ as the sum of two operators, by means of the equality 
cos6»= (e'^ + e-^^)/2, 

FT r ■ . X 2 rl/2„l/4eie(rs) 



J J - (s2^2 _ ^;2)T7I>^[-+-=/^ 2.] {rs)g{s) ds + 

■ / ^' (g2^2_ ^2)1/4 Xiu+.vs,2.] {rs)g{s) ds. 

Observe that it is enough to study just one of the two above operators, as long as 
we obtain a result independent of the function t{r), positive or negative. Let us 
then fix our attention on the one with the + sign in the exponential (call it just 
T). The operator TT* has kernel 

^""'^^ J J (^2^2 _ j,2)l/4(^2g2 _ j,2)l/4 

Let 

6{x) = 6{vx) = v\J a;2 — 1 — i/arccos(l/a;) — 7r/4, x>\. 
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Assuming p < r, calling q — rjp and changing variables, s — vu/ p, we have that 
the kernel K{r, p) equals 



(r - p)P 



I- ^i[~ayu^ /2+9{qu)-e(u)] 



where a = —2i'{t{r) — t{p))/ p^ and (3 £ [1/2, 1) will be fixed at our convenience 
(/3 = 3/4 will do). Since the function niin(r, p)^~^^^\r — p\~^ is integrable in 
p (z [0, 1], uniformly in r € [0, 1], by Schur's lemma it is enough to show that the 
expression within brackets is uniformly bounded inaeM,i^3>l,/ any interval, 
and q G (1, 2) (for q> 2, the interval of integration becomes empty). 
We introduce now some notation: for u > 1 call 

- yl/2(l _ u-2)l/4(l _ ^-2^-2)1/4 - (y2 _ 1)1/4(^2^2 _ 1)1/4 ' 

(j){u) = + 9{qu) - e{u), 

V = -log;.(g-i), 

so that q = I + , and the required uniformity in g e (1, 2) is moved to the same 
one for r/ > 0. Next observe that for rj > 1/(2/3), the result is easily obtained since 



e'*'^"^^(u) du 

/n[l+i^-i/3,2/g] 



2 1-2 ^l/2-r,0 



< I i;{u)du<C 1^ ___du<C. 



Let us assume then that < rj < 1/(2/3). This is the point where we start using 
the oscillatory term in the estimation of our integral. Since we want to use Van der 
Corput's lemma, we need to study the function 0'. Note that 

(f>'{u) = v (^^y q^ — u^^ — \/l — u^^ — auj = v{f{u) — au), 

where / is implicitly defined by the above equality. Let us begin by considering 
only those values of a for which there is a zero of 0' in the interval [1 + 1^^^/"^, 2/q]. 
Thus, parametrize a in such a way that this zero is l + v^'^, with 7 £ [0, 1/3]. This 
way, the required uniformity in the parameter a is moved to the parameter 7. For 
further reference, observe that 



^ v/g^(l + i^-')^ - 1 - v/(l + u-ry - 1 
(l + i/-^)2 

Let u € [1 + i'^^/'^, 2/(7]. One can easily see that / satisfies all the hypotheses 
of Lemma [5. II Thus, recalling that (j>'{u) = v{f(u) — au), we may deduce that if 
u < 1 + v^^ then 

(5.1) |</>'(w)| > v[\ + -u){a- /'(I + v-^)) , 
whereas if m > 1 + v~'^ 

(5.2) \<t>'(u)\ >v(u-\- v-'^) (a - /'(I + v-^) - i/"(l + v-^)(u - \ - 



2" 



Define ^ — min(?7, 7) and 



1 7 ^ 



Observe that (77, 7) may vary in the rectangle 7?. — (0, 1/(2/3)) x [0, 1/3]. Divide 
"R. into two regions, = {(ry, 7) G 7?.: 5 > 7} and Q — TZ\T. 
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q-l 




2/q 



Figure 1. The curves f{u) and au. 



Consider first the case [r], 7) G J^. Divide the interval [1 



-1/3 



, 2/q] into the 



union of four subintervals (defined to be empty when the left endpoint happens to 
be bigger than the right endpoint): 



A2 

As 
A4 



[l + ^-y + ^-^N, 2/q], 



where iV is a large number that will be fixed at our convenience. The interval ^3 
is a neighborhood of the zero of 0', where the oscillation vanishes. The best we can 
do here is then to estimate the corresponding integral with the magnitude of the 
integrand: 



inAs 



< 



< C 



< c 



tl}{u) dw < 



Nv^ ^ I ^ + 21/')' 



Z/-7/4((l + V-V){1 + y-1/2) - 1)1/4 



I j^l/2-,7/3+7/4 
1^(1/-" +Zy-T) 1/4 



< < c. 
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E 



D 



C 








B 



Figure 2. The sets T and where B = (1/(2/3), 0), C 
(1/(2/3), 1/3), D = (1/(3/3), 1/3) and E = (0, 1/3). 



For Ai, we can use Van der Corput's lemma. Thus 



[ e'*("V(") du 
JinAi 



< C 



0'(1 + I/-T/1O)' 



Observe that 



< Cjy7/12-'?/3+C/4^ 



I/-l/12(i,-l/3 + j,-r,)l/4 

where C ~ min(77, 1/3). As for (p' , using (|5.1|) we have that 

|0'(l + i/-'^/lO)| > i^(l + j/-''-l-i^-''/10)(a-/'(l + i/-'')) 



> 



10 
9 

10' 



,1-7 



(l + i.-^)-2 



(l + Z/-^)-2 



Vg2(l + i.-7)2_l ^(l + z/-7)2_l 



> c 



V/(1 + I/-'')2(l + 1.-7)2 _ 1^(1 + j,-7)2 _ 1 
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Thus 



InAi 



< C 



j^7/12-,,/3+C/4 



j^l-7/2->)+C 

< (7j/-5/12+»)(1-/3)+7/2+C/4-« < (^j,-l/6+(l-/3)/(2/3) < 

if /3 > 3/4. 

Let us now consider A2- Once again, using Van der Corput's lemma, 



A2ni 



< C- 



Proceeding as in the previous case, we see that 

j^i/2-,7/3 



'{l + v—i-v-^/N)' 

< C ;yl/2-')/3+7/4+5/4 



and that 



|0'(1 + i/-^-z^-VA^)| > v{l + v-'-' -l-v-'-' + /N){a- f'(l + v-^)) 

,,l-(5 



> 



N 



= (7j,l/2-r;(l-/3)+7/4+3C/4^ 



Therefore 



l/2-r,/3+7/4+C/4 
y;{UjaU ^i/2_^(i_,3)+^/4+34/4 



if /3 > 1/2. 

Let us now move to the study of the interval Ai- Using Van der Corput's lemma, 
we have 



3''^(")7/'(u) du 



As usual, we see that 

,-1 J- 



+ v-'^ + v^" /N) < C— 



jyl/2-')/3 



iy-7/4(,y-7 + i,-'?)l/4 

while using (|5.2|l . we see that 



> 



N 



We already have the estimate -/'(I + i^-'') > Ciy^/^+^~''^ . We shaU now show that 
there is a positive constant C such that 



(5.3) 



\f"il + iy-'')\ < Cz^37/2+?-r,^ 
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In the following computatfons, we will call uq = 1+x = l + v , q = l-\-y = 1 + v 
with X, y G [0, 1], and z = niax(a;, y). Thus 

I ^1 _ (H - 2)(g^^g - 1)^/^ - {3q'ul - 2){ul - 1)3/2 _ 

'■^ ^ «3(y2 _ i)3/2(g2y2 _ 1)3/2 

Ul{ul - 1)3/2(^2^2 _ 1)3/2 ((3^2 _ 2)(g2y2 _ i)3/2 + (3g2„2 _ 2)(y2 _ 1)3/2) " 

The numerator of the above expression is a polynomial in x and y, sum of monomials 
of degrees 3 to 16, none of which is of the form x^ for any j. Therefore this numerator 
is bounded above in absolute value by 

Cyix"^ +xy + y^) < Cyz'^. 

On the other hand, the denominator is bounded below in absolute value by 

Cx3/2(a; + yf'\{x + yf'^ + a;3/2) > Cx^/^z\ 

It follows that 

as desired. Thus we may deduce that 

r / r'7/37/2+?-i7\ 
\<t>'{l + u-^ + u-'/N)\ > ^,1-^(^,7/2+^-., ^^^^^ j 

> £j.l-5z,7/2+«-r,(i _ £^7-5) 

- N ^ N ^ 

> (72^1/2+7/4+31/4-7,(1-/3) 



if we take N big enough (recall we are in the case (5 > 7). We may now conclude 

/ e'*("V(w) du 
JA4.n1 

if /3 > 1/2. 

It remains to study the case (77, 7) G Q, that is 5 < 7. Observe that this implies 

J < rj and therefore ^ = 7. Divide the interval [1 + i^~^/3, 2/q] into the union of 
three subintervals (defined to be empty when the left endpoint happens to be bigger 
than the right endpoint): 

A2 = [1 + 1^-710, l + 2z/-i/2+'//3-7/2]^ 

^3 = [l + 2!/-l/2+'7/3-7/2^ 2/g], 



- ^ j,l/2+7/4+3|/4-,,(l-/3) -^^ -^^ 
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The interval A2 is a neighborhood of the zero of (j)' , where the oscillation vanishes, 
so we estimate the associated integral with the magnitude of the integrand: 

-l/2+r,/3-7/2 



JinA2 



< 2iy-V2+';/3-7/2^ (1 + ^-7/10) 

^-l/2+nl3~-f/2j^l/2-riP 



< C 

< c 



j,-7/4((i + + 1/-7/10) - 1)1/4 



< c. 



it. 



The study of Ai is exactly the same as in the case j < S, thus we do not repeat 
As for ^3, we use Van der Corput's lemma, obtaining 



< C 



V'(1+2j/-1/2+''/3-7/2) 



A,ni |</.'(1 + 2;.-i/2+'7/3-7/2)|- 

Since a is positive and / is decreasing and /(I + i'^^) = a(l + we may say 

that 

|0'(l + 2!/-l/2+r,/3-7/2)| > iy(a(l + 2:/-1/2+'"^-t/2) - /(I + i/-^)) 



va 



^2j,-l/2+r,/3-7/2 _ j,-7) > 



vav 



-1/2+77/3-7/2 



> ,yl/2+')/3-7/2 

> (7!yl/2+77/3-7/2 

- (iy-7 + i/-r/)l/2 + I/-7/2 

> C'z/V2+';/3-7/2j^-'?+7/2 = (^j^l/2+r)/3-r;_ 



^^^(l +1.-7)2 _ 1+^(1 + j,-7)i 



On the other hand, 

^(1 + 2z/-V2+';/3-7/2) < c— 

< C 

Therefore, 



j^-l/8+r)/3/4-7/8(j,-r, _^ j,-l/2+„/3-7/2)l/4 
,yV2-r)/3 



,^-l/4+r,/3/2-7/4 



= (7j/3/4-3r)/3/2+7/4_ 



/ 

J A: 



ei<^(«)^(u) du 
if iv, 7) e a, and /? > 2/3. 



,.3/4-3r)/3/2+7/4 

< C , = (7z,l/4-5^/3/2+7/4+^ < 

— jyl/2+r)/3-r; — 



It remains to study the boundedness of the integral 



/n[l+i.-i/3,2/g] 



tlj{u) du 



for the values of a for which cj)' has no zeros in [1 + 1/ 2/q]. Call ao and ai the 
values of a for which the zero of (/)' is l + and 2/g, respectively. Geometrically, 
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it is clear that for any fixed u e [l + i^^^^^, 2/q], the value of grows as a goes 

from ao to oo, and decreases as a goes from — oo to ai, while ipi'^J-) stays unchanged. 
Thus, all the estimates we obtained for aq using Van der Corput's lemma or simply 
the magnitude of ^, remain true for any a > ao, and those we obtained for oi 
remain true for any a < ai. This concludes the proof. □ 

6. BOUNDEDNESS OF T^. 

Proposition 6.1. There exists a positive constant C such that for all v > \, for 

all intervals I, for all functions t{r) and for all g G LF'{I), we have 

\\T^9\\lh[v,.i\) < C\\g\\L^I)■ 
Proof. The kernel of the operator T"^{Tj^)* is 



L(r, p) = j^e'^^(-)-^iP)> h,irs)h4ps)xi2.,oo){rs)xi2.,.o){ps)s-'/'ds, 
Thus, using Lemma 1 1.31 



\L{r,p)\< r \K{rs)K{ps)\s'^/^<is<C r L^^^^C^J^^ 
J . , J .-^^ ^ Jrp Jvrp 



Since 

\L{r,p)\dr< -^L^^lJ^dr^— dr + ^ = (2 - ^) 



''rp VP Jo 

is uniformly bounded in p e [0, 1], by Schur's lemma the operators T^(T^)* are 
uniformly bounded, and so are the T^'s. □ 

7. BOUNDEDNESS OF . 

Proposition 7.1. There exists a positive constant C such that for all v > 1, for 

all intervals I , for all functions t{r) and for all g G L'^{I), we have 

l|r^.9llL2([o, 1]) < C'||g||L2(/). 

Proceeding as for T^, write T^ as the sum of two operators, by means of the 
equality cos 6* = (e'^ + e-'^)/2, 

FT r , s 2 rl/2ol/4„ie(rs) 

T^9{r) = ^_y^e"W^ ^X[2.,oo)M3(.)d.+ 
+ V 2^ J I (g2^2_ ^2)1/4 X[2...^){rs)g{s)ds. 

Once again, it is enough to study just one of these two operators, for example the 
one with the + sign in the exponential (call it just T). The operator TT* has kernel 

^ r e'[(^('-)'^(^))-^+'^(-)^^(^-)lrVVV^aV^X[2..oo)(rs)x[2.,oo)(p^) , 

J J (r2s2 _ j,2)l/4(p2s2 _ j,2)l/4 

Assuming p < r, calling p = {r — p)/ p and a = pv, and changing variables, s = 
u/(r — p), we have the kernel 

1 r gi[-anV2+e((p+l)«/p)-e(n/p)] 

(r - Xn[2., oo) ^1/2(1 _ a^p + l)-^u-^y/*{l - a^u~^y/^ 
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where a — — 2(t(r) — t{p))/ (r — p)^. Since the function \r — is integrable in r, 

uniformly in p, by Schur's lemma it is enough to show that the integral is uniformly 
bounded in the interval /, in p > 0, in u > 0, and in a e M. Let us call 




Observe that 

4>\u) 



-au + 



{p + 2)u 



-au + f{u), 



(note that here "/" indicates a different function from the one in section 5) and 
that the function tp is decreasing with 



\/u — a 



Note that, since 0' is the difference of a concave up function and a linear function, (f)" 
is the difference of an increasing function and a constant. Hence, (p" is increasing 
and therefore it changes sign at most once. By assuming that the interval I is 
contained in an interval where </>" has constant sign, we can apply Van der Corput's 
lemma to 



ln[2a, oo) 



In order to do it, we need to study the function (j)'. As usual, we consider only 
those values of a for which there is a zero of (f)' in the interval [2a, oo), that is 



< a < 



Assume first that cr > 1 . Let us parametrize a in such a way that the zero of </>' is 
a + a'' , with 7 > 1. This gives 



0^ + ^) 



In this way, the required uniformity in the parameter a is equivalent to the unifor- 
mity in the parameter 7. In order to apply Van der Corput's lemma we need to 



ON 
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Figure 3. The curves f{u) and au. 
estimate \(j}'\ from below. Observe that 
\ci>'{u)\ = 



> 



{p + 2)u 



+ 



+1)2^2- (72 +Vu2-a2) 
1 



+ + (77)2 _ ^2 + ^(^ + ^7)2 _ ^2) 

/ (p+l)2(((7 + (77)2-^2) 



+ 



y(p + l)2(£7 + £77)2-<j2 + + 1)2^2 - ^2 

((7 + (77)2 _ ,^2 



+ 



V(CT + (77)2-a2 + Vu2-CT2^ 

(p + 2)u 



{{p + 1)U + U){{p + 1)((7 + (77) + (cr + (77)) 
^ / (p+l)2(((7 + (77)2-^2) (^ + ^7)2_^2 

^ V(P+1)(<7 + (77) + (p+1)m (7 + (77+m 



(7 + (7 ' — U 



C7 + a7 
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Next divide the interval [2a, oo) into four subintervals, given by the foUowing par- 
tition 

Ui = 2a, 

U2 = max{2a, a + a'^ /2), 

Us = niax(u2, a + a'^ — a'^^'^), 

Ui = a -\- a^ -\- a^l"^ , 



and study each case separately. Applying Van der Corput's lemma and using the 
above estimates for ^ and 4>' , we obtain that when [ui, u-^ is non-degenerate, 



Ml , «2]n/ 



3''^(")^(u) du 



< C 



i^{2a) 



W{a + a^/2)\ 



< C- 



faa^i /2 - - 



On the other hand, when M3] is non-dcgcncrate, 



[m2, tiajn/ 



< C- 



< c- 



a + a' 



iPia + a^'/2) 
b'ia + a-f - a'//2)| ^ " sJVq2a^l' 



< C. 



As for [uz, M4], we estimate it using the size of ip{u) 



f e'^("V(«) du 

*/ [U3, U4]n/ 



< 



f 

Jua 



i){u) du < 2a^^^ip{u3) 



< 2c7t/V(<7 + (T^ /2) < _- < C. 



Finally, using Van der Corput's lemma again 
e''^("V(w) du 



[u4 , 00] n/ 



((T + cr'> +cr''/2)| - ^a-r + a^/^a^r^ 



< C. 



This concludes the case a > 1. As for the remaining case, < ct < 1, we impose 
that the zero of <p' is a + a'^, with 7 < 1 (when 7 grows from —00 to 1, a'^ decreases 
from 00 to cr). Just as before, we have the following estimates for (f)' and ip 



iP{u) < 
Suppose < 7 < 1. Then 



1 



^/u — a' 
\a + a^ — u\ 
a + a'y 



> 



\a + a'^ — u 
2a^ 



I12, 



'[2<7,3]n7 

and by Van der Corput's lemma. 



< 



J2cr 



du < C, 



[3, cx3]n7 



s'-^^'^VM du 



<cM.<c 



2(tT 



■'(3)1 - ^/2(3 - CT - (77) 



< Ca'< < C. 
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If instead 7 < 0, then we divide the interval [2(7, 00) into five subintervals, given 
by the following partition 

u\ = 2a, 
U2 = 3, 

U3 = niax(3, cr + cr'''/2), 
U4 = niax('U3, (7 + a'^ — <^''^'^), 
= a + a'^ + a'^^'^, 

and study each case separately: the integrals along the intervals [ui, U2] and 
[u4, M5], can be estimated by taking absolute values inside; for the other intervals, 
apply Van der Corput's lemma as usual. 
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